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Abstract
We study the Josephson transport through ferromagnetic insulators (FIs) by taking into account its band structure
explicitly. In the case of the fully polarized FIs (FPFIs), we found the formation of a pi-junction and an atomic-scale
0-pi transition induced by increasing the FI thickness. More remarkably, in the Josephson junction through spin-filter
materials such as Eu chalcogenides, the orbital hybridization between the conduction d and the localized f electron
gives rise to the pi-junction behavior. Such FI-based pi-junctions can be used to implement highly-coherent solid-state
quantum bits.
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1. Introduction
The developing field of superconducting spintron-
ics subsumes many fascinating physical phenom-
ena with potential applications that may comple-
ment non-superconducting spintronics devices [1].
In addition there is an increasing interest in the
novel properties of junctions of superconductors
and magnetic materials [2,3]. One of the most
interesting effects is the formation of a Joseph-
son pi-junction in superconductor/ferromagnetic-
metal/superconductor (S/FM/S) heterostruc-
tures [4,5]. In the ground-state phase difference
between two coupled superconductors is pi instead
of 0 as in the ordinary 0-junctions. In terms of the
Josephson relationship
IJ = IC sinφ, (1)
where φ is the phase difference between the two su-
perconductor layers, a transition from the 0 to pi
states implies a change in sign of the critical current
IC from positive to negative. Physically, such a sign
change of IC is a consequence of a phase change in
the pairing wave-function induced in the FM layer
due to the proximity effect. The existence of the pi-
junction in S/FM/S systems has been confirmed in
experiment by Ryanzanov et al.[6] and Kontos et
al.[7].
Recently, quiet qubits consisting of a supercon-
ducting loop with a S/FM/S pi-junction have been
proposed [8,9]. In quiet qubits, a quantum two-level
system is spontaneously generated and therefore
it is expected to be robust to the decoherence by
the fluctuation of the external magnetic field. From
the viewpoint of the quantum dissipation, how-
ever, S/FM/S junctions are inherently identical
with S/N/S junctions (N is a normal nonmagnetic
metal). Thus a gapless quasiparticle excitation in
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the FM layer is inevitable. This feature gives a
strong dissipative or decoherence effect [10]. There-
fore the realization of the pi-junction without a
metallic interlayer is highly desired for qubit appli-
cations [11–14].
In this paper, we investigate the Josephson effect
through a ferromagnetic insulators (FIs) numer-
ically. Although the pi-junction formation in such
junctions has been theoretically predicted [15] and
subsequently analyzed by use of the quasiclassical
Green’s function techniques [16,17], a phenomeno-
logical δ-function potential have been used in order
to model the FI barrier. Then a natural question to
ask is can we realize the pi-junction in actual FIs?
Moreover the possibility of the pi-junction forma-
tion in the finite FI-barrier thickness case is also
an interesting and unresolved problem. In order to
resolve above issues, we will formulate a numerical
method for the Josephson current through FIs by
taking into account the band structure and the fi-
nite thickness of FIs explicitly [18]. Then we will
show the possibility of the pi-junction formation for
two important representative FIs in the spintronics
field [19,20], i.e., the fully polarized FI (FPFI) (e.g.,
La2BaCuO5) and the spin-filter materials (e.g., Eu
chalcogenides).
2. Model
Let us consider a two-dimensional tight-binding
lattice of the S/FI/S junctions as shown in Fig. 1(a).
The vector
r = jx+my (2)
points to a lattice site, where x and y are unit vec-
tors in the x and y directions, respectively. In the
y direction, we apply the periodic boundary condi-
tion for the number of lattice sites being W . Elec-
tronic states in a superconductor are described by
the mean-field Hamiltonian,
HBCS =
1
2
∑
r,r′∈S
(
c˜†
r
hˆr,r′ c˜r′ − c˜r hˆ
∗
r,r′ c˜
†
r
′
)
+
1
2
∑
r∈S
(
c˜†
r
∆ˆ c˜†r − c˜r ∆ˆ
∗ c˜r
)
. (3)
Here
hˆr,r′ =
[
−tsδ|r−r′|,1 + (−µs + 4ts)δr,r′
]
σˆ0, (4)
with
Fig. 1. (Color online) (a) A schematic figure of a Joseph-
son junction through the ferromagnetic insulators on the
tight-binding lattice. The density of states for each spin di-
rection for (b) the fully polarized ferromagnetic insulator,
e.g., LBCO, and (c) the spin-filter materials, e.g., Eu-chalco-
genides.
c˜r = (cr,↑, cr,↓) , (5)
where c†
r,σ (cr,σ) is the creation (annihilation) oper-
ator of an electron at r with spin σ = ( ↑ or ↓ ), c˜
means the transpose of c˜, and σˆ0 is 2×2 unit matrix.
The chemical potential µs is set to be 2ts for su-
perconductors. In superconductors, the hopping in-
tegral ts is considered among nearest neighbor sites
and we choose
∆ˆ = i∆σˆ2, (6)
where ∆ is the amplitude of the pair potential in the
s-wave symmetry channel, and σˆ2 is a Pauli matrix.
We consider two representative FIs as a barrier of
the Josephson junction, i.e., FPFIs [Fig. 1(b)] and
spin-filter materials [Fig. 1(c)]. The typical density
of states (DOS) of FPFIs for each spin direction is
shown schematically in Fig. 1(b). One of the im-
portant FPFIs is La2BaCuO5 (LBCO) [21,22]. The
exchange splitting Vex is estimated to be 0.34 eV
by a first-principle band calculation [23]. Since Vex
is large and the bands are originally half-filled, the
system becomes FI.
2
The Hamiltonian of FPFI layer is described by a
single-band tight-binding model as
HFPFI =−t
∑
r,r′,σ
c†
r,σcr′,σ −
∑
r
(4t− µ)c†
r,↑cr,↑
+
∑
r
(4t− µ+ Vex)c
†
r,↓cr,↓, (7)
where Vex is the exchange splitting [see Fig. 1(b)].
If Vex > 8t (Vex < 8t), this Hamiltonian describes
FPFI (FM). The chemical potential µ is given by
µ =
Vex
2
+ 4t. (8)
Recently a spin-filter effect has been intensively
studied for spintronics applications [19]. Typical
spin-filter material is a Eu chalcogenide, e.g., EuO
and EuS. The schematic DOS of the Eu chalco-
genides is shown in Fig. 1(c). The Eu chalcogenides
stand out among the FIs as ideal Heisenberg fer-
romagnets, with a high magnetic moment and a
large exchange splitting of the conduction band
for Eu 5d-electrons. Ferromagnetic order of the 4f
spins causes exchange splitting of the conduction 5d
band, lowering (raising) the spin-up (-down) band
symmetrically by V dex/2.
For the spin-filter materials such as Eu chalco-
genides, we use a following d-f Hamiltonian includ-
ing the d-f hybridization [24,25],
HSF = Hd +Hf +Hdf . (9)
Here
Hd =−td
∑
r,r′,σ
d†
r,σdr′,σ +
∑
r
(4td − µd)d
†
r,↑dr,↑
+
∑
r
(4td − µd + V
d
ex)d
†
r,↓dr,↓, (10)
Hf =−tf
∑
r,r′,σ
f †
r,σfr′,σ +
∑
r
(4tf − µf )f
†
r,↑fr,↑
+
∑
r
(4tf − µf + V
f
ex)f
†
r,↓fr,↓, (11)
Hdf = Vdf
∑
r,σ
(
d†
r,σfr,σ + f
†
r,σdr,σ
)
, (12)
where d†
r,σ (f
†
r,σ) is the creation operator, td (tf ) is
the hopping integral and V dex (V
f
ex) is the exchange
splitting of d (f) electrons. The chemical potential
of d and f electrons is respectively given by
µd =−gd (13)
µf = 8tf + gf , (14)
where gd (gf ) is the energy gap of the d (f) band [see
Fig. 1(c)]. The third term Hdf of the Hamiltonian
describes the mixing between d and f electrons.
The Hamiltonian is diagonalized by the Bo-
goliubov transformation and the Bogoliubov-de
Gennes equation is numerically solved by the recur-
sive Green function method [26]. We calculate the
Matsubara Green function Gˇωn(r, r
′) in a FI layer,
Gˇωn(r, r
′) =

 gˆωn(r, r
′) fˆωn(r, r
′)
−fˆ∗ωn(r, r
′) −gˆ∗ωn(r, r
′)

 , (15)
where
ωn = (2n+ 1)piT (16)
is the Matsubara frequency. The Josephson current
is given by
IJ (φ) = −ietT
∑
ωn
W∑
m=1
Tr
[
Gˇωn(r
′, r)− Gˇωn(r, r
′)
]
,
(17)
with T being a temperature and r′ = r+x. Through-
out this paper we fix the following parameters:W =
25, and ∆0 = 0.01t, T = 0.01Tc, where Tc is the
superconductor transition temperature.
3. Josephson current through FPFI
We first investigate the Josephson transport
through FPFIs [Fig. 1(b)]. In the calculation, we
assume t = ts for simplicity. The phase diagram
depending on the strength of Vex (0 ≤ Vex/t ≤ 8
for FM and Vex/t > 8 for FPFI) and LF is shown
in Fig. 2. The black (white) regime corresponds to
the pi- (0-)junction, i.e., IJ = −(+)IC sinφ. In the
case of FPFI, the pi-junction can be formed. More-
over remarkably, the atomic-scale 0-pi transition is
induced by increasing the thickness of the FI barrier
LF . The physical origin of the 0-pi transition will be
discussed in elsewhere [27].
4. Josephson current through spin-filter
materials
Next we consider the Josephson transport
through the spin-filter materials such as the Eu-
chalcogenides. In the calculation, we use the follow-
ing parameters in consideration of EuO: td = 1.25
3
Fig. 2. The 0-pi phase diagram depending on the exchange
splitting Vex and the thickness LF for FM (0 ≤ Vex/t ≤ 8)
and the fully polarized FI (Vex/t > 8). The black and white
regime correspond to the pi- and 0-junction, respectively.
eV, gd = 7.5 eV, gf = 0.075 eV, and V
d
ex = 0.528
eV. For simplicity, we assume td = ts.
We first discuss the Josephson current through
the 5d-band only in order to check whether the spin-
filter effect gives rise to the pi-junction behavior or
not. In this case, we numerically found that no pi-
junction is formed irrespective of the thickness LF
and V dex. Therefore the spin-filter effect gives rise to
only the 0-junction behavior.
Next we consider the Josephson transport
through the Eu-chalcogenides including both the
5d− and 4f -band. In the calculation we set LF = 5.
We systematically change the values of the hopping
integral for the f band tf (= 0.0 ∼ 0.5td) and the
d-f hybridization Vdf (= 0 ∼ 6.5td ). Fig. 3 shows
the 0-pi phase diagram numerically obtained. Re-
markably, the pi-junction is realized at the certain
values of tf and Vdf . We found that the pi-junction
can be formed if (1) d and f band for down spin
are overlapped each other (see inset in Fig. 3) and
(2) the d-f hybridization Vdf is strong enough. More
detailed discussion for above results will be given in
elsewhere [27].
5. Summary
To summarize, we have studied the Josephson
effect in S/FI/S junction by use of the recursive
Green’s function method. We found that the pi-
junction and the atomic-scale 0-pi transition is real-
ized in the case of FPFIs. On the other hand, in the
Fig. 3. (Color online) The 0-pi phase diagram depending on
the d-f hybridization Vdf and the hopping integral tf of the
f electrons for the Josephson junction through the spin-filter
materials. The black and white regime correspond to the pi-
and 0-junction. Inset shows a schematic DOS configuration
for the junction.
case of the Josephson junction with the spin-filter
material, the pi-junction can be formed if the d and
f bands are overlapped and the d-f hybridization
is strong. Such FI based pi-junctions can be used as
an element in the architecture of ideal quiet qubits
which possess both the quietness and the weak
quasiparticle-dissipation nature. Therefore, ulti-
mately, we could realize a FI-based highly-coherent
quantum computer.
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